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Abstract. In this paper we describe the amalganiated free product of finite and 
semifinite hyperfinite von Neumann algebras over atomic type I subalgebras. To do 
this we extend the notions of free dimension and standard embeddings used in the 
related results for finite von Neumann algebras to ones which work better for the 
semifinite case. We also define classes TZ^ (of finite von Neumann algebras) and TZ-a 
(of semifinite von Neumann algebras) which are closed under such amalgamated 
free products. 



1. Introduction 

Voiculescu's amalgamated free product for C* and von Neumann algebras in ]YV\ 
and [To] have proved to be very useful constructions. Early uses include Popa's use 
of the the amalgamated free product of von Neumann algebras in [9] to construct 
subfactors with arbitrary allowable index. 

The standard free product of finite hyperfinite von Neumann algebras was described 
by Dykema in [2]. He also described the amalgamated free product of multimatrix 
algebras in [1]. In [6] we described the amalgamated free product of finite hyperfinite 
von Neumann algebras over finite dimensional subspaces. Here we will extend this 
to semifinite hyperfinite von Neumann algebras over atomic type I subalgebras, for 
which the induced trace is also semifinite. 

In [5j, Dykema also showed that a certain class of von Neumann algebras (referred 
to as IZ in that paper and TZi here) was closed under amalgamated free products 
over finite dimensional subspaces. This was used by Kodiyalam and Sunder in [8] 
and in the related paper by Guionnet, Jones, and Shlyakhtenko in [7]. This class was 
extended to a more natural class (which we refer to as 7^2) in [6j. Here we extend 
these to classes 7^3 of finite von Neumann algebras and TZ^ of semifinite von Neumann 
algebras which are each closed under amalgamated free products over type I atomic 
subalgebras. 
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2. Basic Theorems and Definitions 

2.1. Preliminaries. Throughout this paper we will use finite and semifinite von 
Neumann algebras, with specified normal faithful semifinite trace. In most cases we 
will also have a specified atomic type I subalgebra D of these von Neumann algebras. 
We will in general assume that there is a trace preserving conditional expectation 
from our main algebras onto D and that the trace will still be semifinite (or finite) 
on D. If we refer to an expectation without specifying which one, this is the one we 
mean. Unless specified otherwise we will also be assuming homomorphisms are trace 
preserving. 

With these von Neumann algebras in mind, we will be using the amalgamated free 
product for von Neumann algebras. Note it is clear from the definition of the trace 
OTi A * D B , td o Ed, that if the trace on A, B and D is semifinite then it will be on 
A*D B. 

pi P2 

We will often use the following notation Ai ® A2 ® ■ ■ ■ where the pi denote the 
central support of the Ai (i.e. the identity in Ai as part of the larger algebra, also 
sometimes referred to as the matrix unit). In the case of atomic type I factors, we 
may also use the notation A, where t denotes the trace of a minimal projection in 

this factor (clearly this doesn't exist in diffuse algebras, and is not necessarily unique 
if it is not a factor). 

Definition 2.1. We will be dealing primarily with four classes of von Neumann 
algebras, defined as follows: 

• Let TZi (originally 7?. in [5] ) be the class of finite von Neumann algebras which 
are the finite direct sum of the following types of algebras: 

(1) Matrix Algebras 

(2) M„®L~([0,1]) 

(3) Hyperfinite IIi factors 

(4) Interpolated Free Group Factors 

• Let IZ2 be the class of finite von Neumann algebras which are the direct sum of 
a finite hyperfinite von Neumann algebra and a finite number of interpolated 
free group factors (as defined in [6]). 

• Let 7^3 be the class of finite von Neumann algebras which are the direct 
sum of a finite hyperfinite von Neumann algebra and a countable number of 
interpolated free group factors. 

• Let 7^4 be the class of semifinite von Neumann algebras which are countable 
direct sums of the following types of algebras: 

(1) Semifinite hyperfinite von Neumann algebras 

(2) Interpolated free group factors 

(3) F ® -B('H) where F is an interpolated free group factor and "H is a sepa- 
rable Hilbert space. 

Note each class strictly contains the previous. 
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On the class 7^3, Dykema defined the notion of Free Dimension in [2] in the fol- 
lowing way. 

Definition 2.2. Let A be a finite von Neumann algebra with specified normal faithful 
tracial state which is of the format 

i&I j£j *J 

where if is a diffuse hyperfinite algebra, the L^F^J are interpolated free group factors 
and the M„. are matrix algebras. The free dimension of A (denote fdim(74)) is equal 
to 

This may not be well defined if the interpolated free group factors turn out to be 
all isomorphic. The definition can be made rigourous by defining it on a generating 
set, and this is what we mean when we use it. This is not as big a problem as it 
seems, as in most cases we use the free dimension to determine which interpolated 
free groups we have, and this would then not matter. 

The standard embedding was introduced by Dykema in [2]. 

Definition 2.3. Let A = L{Fr) and B = L{Fr>) for r < r' and let : A ^ 5 be a 
unital embedding. We call a standard embedding if we can find a semicircular system 
u = {Xt}teT and a copy of R, the hyperfinite IIi factor free from u, and pt & R so that 
B is generated by R and {ptXtPt}teT, and such that if T' = {t G T\ptXtPt G (f>{A)} 
then (f){A) = vN{R U {ptXtPt}teT')- 

Standard embeddings have the following properties, proved by Dykema in [2]: 

(1) For A = L{Fs) and B = L{Fsi), s < s', then for (p : A ^ B and projection 
p G A, is standard if and only if (p\pAp — ^ (p{p)B(j){p) is standard. 

(2) The inclusion A A* B is standard if A is an interpolated free group factor 
and B is an interpolated free group factor, L{Z), or a finite dimensional 
algebra other than C. 

(3) The composition of standard embeddings is standard. 

(4) For An = L{Fs„), with s„ < s„/ if < n', and (pn '■ An ^ An+i a sequence of 
standard embeddings, then the inductive limit of the An with the inclusions 
(pn is Lp^ where s = lim„^oo Sn- 

2.2. Previous Results and Lemmas. Dykema proved the following as Lemma 4.3 
in 1]. 

Lemma 2.4. Let A and B be von Neumann algebras with subalgebra D, and let 
M. = A *£) B . Let p be a central projection in A, and let A = pD © (1 — p)A and 
M. = A*£i B. Then the central support of p is the same in M. and Ai. Furthermore 
pMp = vNjpMp U pA) = pMp *pD pA. 



4 REDELMEIER 

Dykema also proved the following, as Lemma 4.2 from jl]. 

ro Ti gj 

Lemma 2.5. Let A/' = i?©0Fi©0 M„^- , where H is a diffuse hyperfinite algebra. 

iei jeJ tj 

Let p E M he a projection such that t{p) = ^ and so that neither p nor 1 — p is 

p i-p 

minimal and central in M . Let D = C (B C . Define a matrix algebra M2(C), where 

1/2 1/2 

eii = p and 622 = 1 — P, and let v = ei2. Then 

M = A/- *B M2(C) = F © mI, , 

where F is either an interpolated free group factor or a diffuse hyperfinite algebra, 
and 

K = /)|J, / e J, J < p,f <l-p,^ + ^>U. 

For k = {],]') E K , Uk = 2njnji and t'^ = + ^ ~ | j ■ We also know 

fdim{Ai) = fdim{Af) + |, which then determines F if it is an interpolated free group 
factor (F is only hyperfinite if M is dimension 4)- Furthermore, the inclusion of 
L{Fs-) = TiMri — TiFri is standard, for all i E I (noting if I is not empty, then F 
is an interpolated free group factor). 

The amalgamated free product of multimatrix algebras were described by Dykema 
as Theorem 5.1 in |3]. 

Theorem 2.6. Let A and B be multimatrix algebras with subalgebra D. Then A*dB 
is in 7^.3. // D is finite dimensional it is in 7^2 ond the hyperfinite part is type L 
Furthermore fdim{A *£, B) = fdim{A) + fdim{B) — fdim{D). 

The following results were proved in [6J 

Lemma 2.7. Let J\f = {Mm © M„ © S) *£, C and M = {Mn+m ® B)*dC, where 

p? 

B, C are semifinite von Neumann algebras and D = 0^^^ C with K G N U {00}. 
A/" is included in M. by including and as blocks on the diagonal of Mn+m, 
and B and C by the identity. Assume there exists a partial isometry in M between 
minimal projections in Mm and Mn (for example if there exists a factor T with 
Mm © Mn C C A/'y). Then for any minimal projection p e Mm such that p < pf 
for some i, pMp * L{'L) = pAip. 

Lemma 2.8. Let M = ((M„© A) ©5) *z)C and J\f = {Mn®B)*DC for A is a finite 

P° 

von Neumann algebras and B and C are semifinite, and D = ^i^i C,k eNU {00}, 
where C, B, Mn have expectations onto D and where Ef^"®^ = E^" ® t^. Let p be a 
minimal projection in Mn, with p <pf for some i. Then pMp * A = pAip. 
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Theorem 2.9. Let A and B be hyperfinite von Neumann Algebras, with finite di- 
mensional subalgebra D. Then A i? is in 7^2- Furthermore fdim{A *d B) = 
fdim{A) +fdim{B) - fdim{D). 

The following was proved for TZi in [5] and TZ2 in [6] : 

Theorem 2.10. Both TZi and TZ2 are closed under amalgamated free products over 
finite dimensional subalgebras. In these cases fdim{A *ri B) = fdim{A) + fdim{B) — 
fdim{D). 

3. Hyperfinite von Neumann Algebras 

3.1. Regulated Dimension. Unfortunately free dimension is only defined on finite 
von Neumann algebras, so here we adapt it in a way that generalizes to semifinite 
algebras. 

For algebras in TZ^, where free dimension is defined, we can define the regulated 
dimension in a fairly straight forward way, as follows: 

rdim(A) = T{lA)\idim{A) - 1). 

This means that for an interpolated free group factor L{Ft) endowed with a trace 
normalized to A, the regulated dimension is A^(t — 1), which is the contribution the 
interpolated free group factor summand gives in the free dimension formula. For 
a matrix algebra whose minimal projections have trace t, the regulated dimension 
is —t"^. Finally for any diffuse hyperfinite algebra, the regulated dimension is zero. 
Unlike the free dimension, the regulated dimension is additive over direct sums (where 
the trace is preserved in the embeddings), and so the regulated dimension of any 
algebra in TZ^ can easily be determined from the above. 

Lemma 3.1. Let A be an algebra in TZ^ and let p & A be a projection in A with full 
central support. Then rdim{A) = rdim{pAp) . 

Proof. First consider an interpolated free group factor A = L{Ft), whose identity 
has trace A. Then rdim(A) = A^(t — 1). Let 7 = t{p), then pAp is isomorphic to 
L(Fi+(t_i)/(^/A)2). Thus rdim(pAp) = 'j^{l + {t-l)/{-f/X)'^-l) = X'^{t-1), as desired. 

For a matrix algebra, we see compression does not change the size of the minimal 
projection (note it is important that p E A), and thus does not change the regulated 
dimension. For diffuse hyperfinite algebras we see that the regulated will of course 
remain zero. 

Since the regulated dimension is additive over direct sums, and since p has full 
central support (thus all factors in A are represented in pAp, the result follows. □ 

Clearly this also means that the regulated dimension is invariant over dilatation. 

Unfortunately unlike the free dimension, the regulated dimension can be negative 
and does not match the number of generators in an free group factor. It also may not 
be well defined in the same way as the free dimension if the interpolated free group 
factors are isomorphic. 
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Importantly if fdim(yl*£)i?) = fdim(A) +fdim(i?) —idim{D) then rdim(A*£)i?) = 
rdim(A) + rdim(S) - rdim(£)). 

We can use the fact that this is invariant under dilation to extend the definition to 

TZ^. Since for any n, rdim(L(F5) M„) = t^(s — 1) it is natural define rdim(L(Fs) (g) 

t 

B{H)) = t^{s - 1). Note that B{H) ® L{Fs) = B{'H) ® L{Fi+t2{s-i)/t'^) with a trace 

t t t' 

preserving isomorphism, however note in both cases rdim is t^{s — 1). While it is 

known that all factors of the form B{'H) ®L{Fs) are isomorphic, there is only a trace 

preserving isomorphism if the interpolated free group factors are isomorphic. 

Similarly for B{'H) we naturally define the regulated dimension to be — t^, as it is 

t 

for any n with M„. Of course for any diffuse semifinite hyperfinite algebra we will 

t 

set the regulated dimension to zero. 

Using the above and the fact that the regulated dimension additive over direct 
sums, we can then define it for TZa, except when this gives us oo — oo. 

Definition 3.2. Let Ahe o. semifinite von Neumann algebra in 7^4, written as: 
A = H © 0L(F,J ® 0(^(^..) ® B{U)) © 0M„, © 0i^(^), 

i&I j&J k&K ieL *^ 

where if is a diffuse hyperfinite algebra. Then 

rdim(A) = 5^r(pO'(^^ - 1) + Y.^%s, " E^'' 

iei jeJ keK leL 

if this is defined. 

Notation 3.3. To simplify things we use to denote L{Fi_^.g/f2) for < t < oo 

equipped with a trace so that T{Ijrt) — t and B{T-L) L{Fi+s) if t — oo. We will refer 

1 

to these in general as semifinite interpolated free group factors. 

Using this we can rewrite the definition of regulated dimension in a simpler way. 
For A = 0.g^ ® ^.^j M^., where Uj may be infinity, then rdim(A) = J^iei ~ 

tj 

Example 3.4. Consider the algebra in as follows (.^i © C). If we compute 

the regulated dimension we see that rdim(74) = oo — oo and thus is not well defined. 

3.2. Substandard Embeddings. When working with semifinite algebras it makes 
more sense to extend the concept of the standard embedding, which we do in the 
following way: 

Definition 3.5. We say that a trace preserving embedding : J-"* ^ J^,' is sub- 
standard if for some projection p G J-"* with finite (non-zero) trace, the restriction 
0|pj|p ■ V^sV ~^ is a standard embedding or an isomorphism. 
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Note it is clearly equivalent to say this is true for any finite non-zero trace projec- 
tion. Also note that substandard embeddings give us increasing regulated dimension, 
but not necessarily increasing free dimension. 

The first three properties of the standard embedding listed before follow directly 
for the substandard embedding. The final is as follows: 

Proposition 3.6. For {J-"*'}^]^ and substandard embeddings (pi : J-"*' — )■ J-'s-+i then 
the inductive limit is J-"* where s = limj_^oo and t = limj_j.oo^i, and the induced 
embedding of T\\ — )■ T\ is substandard. 

Proof. Let pi = (piO (pi-i o ■ ■ ■ o (pi. Choose a projection p G J-"*^ with finite non-zero 
trace t'. 

Then pi\p considered as map from pj^sl^^p — )• Pi{p)J^sl+lPi{p) is standard or an 
isomorphism. Furthermore we know Pi{p)J^sl+lpi{p) = J^l[^-^- Then we see each 
Pi-i{p)J^liPi-i{p) is generated by Ri and Si, where Ri is a copy of the hyperfinite 
III factor, and Si = {qjXjqj}j^j^ with XljeJ, ''"(^i)^ ~ ^here the Xj are a semi- 
circular system and qj G Ri, and so that (pi{Ri) = Ri+i and (pi{Si) C Sj+i. Thus 

Then for each i, T\\ is generated by Si and a dilation of Ri. The inductive limit 
is then generated by S* = VJ^^Si and R, a hyperfinite IIi (if limjtj < oo) or IIoo (if 
limjtj = oo) factor. If we let J = UiJj then we see J^j^j'^iljY = linij Sj Thus the 
inductive limit is J-"* as desired. 

□ 

Finally, for convenience of notation we will further extend the definition of sub- 
standard in the following way: 

Definition 3.7. For von Neumann algebras A and B in TZ^, an embedding : A — )■ 
B is said to be substandard if for every semifinite interpolated free group factor 
summand of A, J^l with central support p, : J-"* — (p{p)B(p{p) is substandard. 

3.3. Main Lemmas. The following lemma, based on Lemma 5.2 in [4J will be used 
for almost all of our results. 

Lemma 3.8. Let TZ be a class of von Neumann algebras such that if A & TZ and 
p & A then pAp G TZ. Let A and B be von Neumann algebras in TZ with atomic type 
I subalgebra D. If for all A' and B' in TZ with abelian multimatrix subalgebra D' , 
A' *£,! B' is in TZ4, then so is A *ij B . Furthermore conditions on the number of J-'l 
factor summands and type I atomic factor summands are preserved, and if we know 
rdim{A' *£,/ B') = rdim{A') + rdim{B') — rdim{D') then the same holds for A, B, and 
D. Also if A and B are finite, then A*^ B is too, and we can then make the same 
statement about TZ3 
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Proof. Let D — ©^.g/^ M^d (where we allow rife = oo, in which case we mean B{T-C)). 

For each k e Id-, let {e^-^^} be the standard basis for M^d. Let e = Ylfkeio ('^i^^ 
the sum converging in the WOT). Note this is a projection in D with central support 
/, and eDe is abelian. Let A' = eAe, B' = eBe, and D' = eDe. Let Ai = A*dB and 
let M' = vN{A' U B'), and since A' C A, B' C B we see that A' and B' are free with 

amalgamation over D', and thus M' — A' *d' B'. Let V — {e^j |/c G Id, 1 < j < ^T^f}- 
Note then that A = t;A^(A' U F), S = vN{B' U F), and D = vN{D' U F). Then 
= vN{Ai' U K). Thus Ai' = eAie. By our assumption wc know A' and B' are 
in 7^ and D' is an abelian multimatrix algebra. Thus by assumption Ai' is of the 
correct form, which implies Ai is of the same form with the same number of factor 
summands of each kind (where the kinds are: diffuse hyperfinite, type I atomic, and 
J^l as this step may change interpolated free group factors to J^'^ or matrix algebras 
to B{l-L)). Now if rdim(A' *d' B') = rdim(A') + rdim(i?') — rdim(D'), then since the 
central support of e is the identity rdim(yl *d B) = rdim(74) + rdim(i?) — rdim(D). 

□ 

Lemma 3.9. Let A be a semifinite hyperfinite von Neumann algebra with trace pre- 

Pn 

serving conditional expectation onto a subalgebra D = C, for some countable 

index set N, so that the trace is semifinite on D as well. Then there exists a chain 
of multimatrix subalgebras Aj, so that D C Ai C A2 . . . and WjLiAj is dense in A. 

Proof. First we assume A is finite and begin by dividing it into type 1 and type 11 
parts and approximating them separately. If A is type I and finite, and thus of the 
form i? © (C ® I>°°([0, 1])), where B and C are multimatrix algebras. We can choose 
a representation so that every p„, n & N, is composed of diagonal matrices in B 
and C and characteristic functions in I/°°([0, 1]). Let C = (BkexCk where each Ck is 
a matrix algebra. Then for each k in K wc can choose a partition Pk of [0, 1] into 
a countable number of measurable subsets so that for every S & Pk and ej^ G Ck, 

ef} ®Xs <Pn for some n e TV. Then we set Ai = B ® 0^^^ {Ck ® L°°{Pk)), and 
note D C Ai. We can then define each Aj by further refining P^ to get the desired 
sequence. 

For the finite type 11 case, we note that our algebra is isomorphic to L^{X, fi) ® R 
for some measure /i. As before we pick subalgebras of R so that U^^M2fe is dense 

(k) 

in R, and denote the standard basis elements of by e-j , and use the inclusion 

^ where eg ^ eg+.^.i + ■ 

Let /„ e L°°{X,ij) be the centre- valued trace of p„ in A, for all neN. Then 

let Sn,k = fn' (yti for A; > 1 and let 5„,o = /„'({!})■ Then note 

00 1 
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Now define Po,fc to be a countable partition of X so tliat for every n E N, Sn,k 
with non-zero measure is the union of sets in Pq ^, and so that Po,jfc refines Po,jfc-i- 
For each S G Po,fc; let ss,k be the number oi n & N such that S C Sn,k, and let 
^s,fc = -^s.fe + 2r5' where S Q S' E Po,k-i, (for convenience we define Po,-i — {^} 
and rx-i = 0). 

Then define to be the multimatrix algebra spanned by the basis 

Bo = {4j ® Xs\0 < k, S e Po,k, rs',k~i <t,J< rs,k, S C S' e Po,k-i}- 
Note then for any x E X (except possibly on a set of measure zero) , 

To check this, consider the trace of this sum. This is bounded above by Yl'^=i fn{x) — 
1, and for any e > we can find an uq so that X^^'i]^ fn{x) > 1 — e and a kg so that 

2-^=0710 < e. Thus the sum of {T{e\'^^) = 2-'=|ef/ Xs & Bo,x e S,k < ko} is at 
least 1 — 2e. It follows from our choice of r^ ^ that the diagonal basis elements are 
orthogonal. It is also clear that this algebra contains a set of orthogonal projections 
p'^ with centre-valued traces for n E N. These are then equivalent to the p„ in D, 
and thus without loss of generality we can identify them with D. 

To define Bm, we first define Pm,k to be a refinement of Pm-i,k such for any S G Pm,k 
either < fi{S) < 2""^ or is a single atom. We define rs,k and ss.k in the same 
way (note for S G Pm,k if there exists an S' G Pm',k with S Q S' and m > m' then 
i^s,k = ^s',k and ss,k = ss',k so this is well defined, and we do not need to add an 
index m). 

Then let be the multimatrix algebra spanned by 

Bm = {elj ® Xs\m < k,S e Pm,k, rs',k-i <i,j < rs,k, S Q S' e Pm,k-i, 

or a k = m,S e Pn,,k, ^<i,j < rs,m}- 

Recalling the inclusion of M2™-i into M2™ and that each Pm,k is a refinement of 
Pm-i,k, we see A^-i C Am- 

We have established that for any x & X (except possibly on a set of measure zero) 

as m goes to infinity the sum of {T{e\f) — 2~'^\ef^^0xs £ Bo, x ^ S,k < m} goes to 1. 
Since for A^ there is a set S containing x with measure less than max{fi{{x}) , 2^™} 
and matrix subalgebra M^/ ^ xs ^2"^ ® Xsi whose trace is n{S) times that sum. 
Thus this is dense in UmM2m (g) L°°(X, yu) and thus dense in A 

If A is only semifinite, then let qk be the sum of the first k pn in D. Then use 
the finite case to construct an approximating chain Ai^i of qiAqi which contains 
qiDqi. Then use the finite case again to let Ai^k be an approximating chain of 
qkAqk containing qkDqk and so that ^ C j^+i for all i and for A; > 1 (note 
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the construction above allows this). Then define our approximating chain to be 

A = Ai^,®{l-qi)D{l-qi). 

□ 

Definition 3.10. We call an embedding : A/" — t- a simple step if it follows one 

of the two following patterns: 

PI f ^ Pi\ g 

(1) M = A®B, M = A ©S, withp = Er=iPi' and (p{a,b) = {a,...,a,b). 



\i=l 

We call this a simple step of the first kind. 

(2) Af = Mn ® ® B, M = Mn+m © B where y, b) 

t t t 

call this a simple step of the second kind. 



X 
y 



We 



Lemma 3.11. For two multimatrix algebras M and A4 and a trace preserving in- 
clusion (p : M ^ Ai, then can be written as a composition of a (possibly countahly 
infinite) sequence of simple steps. 

Proof. The proof is identical to Lemma 3.5 in [6J, following directly from examining 
either the Bratteli diagrams or the minimal projections. The only difference is that 
since we have an infinite number of matrix algebras, each of which can be split into 
an infinite number of matrix algebras, we may need an infinite number of steps. □ 

3.4. Main Theorem and Examples. 

Theorem 3.12. Let A and B hyperfinite von Neumann algebras with trace preserving 
conditional expectations onto a type I atomic subalgebra D then: 

(1) If A and B are finite then A*£, B is in TZ^ 

(2) If A and B are semifinite, and the trace on D is still semifinite, then A*£) B 
is in TZ^. 

Furthermore rdim{A *£, B) = rdim{A) + rdim{B) — rdim{D) if this is well defined. 

Proof. By Lemma 13.81 assume without loss of generality that D is abelian. If D is 
finite dimensional we can apply Theorem 12.91 (since A and B aren't finite, then finite 

dimensional D is not semifinite), so we may also assume D = ^ C 

Use Lemma 13.91 to define the sequences Ai and Bj to be chains of subalgebras of 
A in B, respectively, containing D. Note in the construction from Lemma 13. 9^ the 
atomic parts of A an B are included in every A^ and Bj. Let = Ylk'=iPk'- Then 
let 

Mii,j,k) = (^qkAjqj^ *<i^Dg^ QkBjqj^^ , 

and let Af{i,j, k) be 



FREE PRODUCTS OF VON NEUMANN ALGEBRAS 



11 



For fixed k, the sequence A4{i,j, k), is an approximating sequence for tlie amalga- 
mated free product of hyperfinite von Neumann algebras over qj^D (which is finite 
dimensional), as in Theorem 12 .91 Thus we can choose ik and jk sufficiently large to be 
the start of the sequence in the proof of that theorem. In particular, for any minimal 
projection p E Ai^, (resp Bj^) from the diffuse part of A (resp. S), so that p < p^, with 
k' < k then r(p) < —t{p') for any minimal projection p' E B (resp A) with p' < p^', 
unless p^, is minimal in B (resp. A), and also so that the number of interpolated free 
group factors in Ai{i,j,k) is stable for all i > ik and j > jk- Furthermore we can 
assume that if rdim(y4) (resp B) is finite then Tdim{qkAii_qk) > Tdim{qkAqk) — l/k. 

Our goal is to show that the the inclusions of the sequence 

are substandard. 

First examine the steps of the form J^{ik,jk, k) — > A^(za:+i, Jfe+i? k). Since k does 
not change in this step, it is just like the steps in the proof of Theorem 12.91 (from [B]). 
Using Lemma 13.11^ we break this up into a sequence of inclusions induced by simple 
steps in the subalgebras of A or 5, so we need only show that this type of inclusion 
is substandard. Consider the inclusion Ai{i,j, k) + 1, j, k) with ik < i < ik+i 

and jk < j < jk+i where Ai — )■ Aj+i is a simple step (note this may not work precisely 
with our original indexing, but this does not affect the proof and eases notation). 

If the inclusion Ai — )■ A+i is a simple step of the first kind, which makes copies of 
a summand, Mn, of Ai, then either M„ is contained in some interpolated free group 
factor summand, or it is the corner of some matrix factor summand (as in the proof 
of Theorem I2.9p . In the former case we apply Lemma [2.81 to show this is a standard 
embedding. In the latter we see the matrix factor is similarly copied. 

Alternately, if the inclusion A^ — )■ Aj+i is a simple step of the second kind, then 
we are adding a partial isometry v connecting two matrix algebras in Ai. Again we 
proceed exactly as in Theorem 12.91 If both vv* and v*v are in an interpolated free 
group factor we apply Lemma 12.71 to show this is a standard embedding. If only one 
of vv* and v*v is in an interpolated free group factor we apply Lemma 12.51 to show 
that this is a substandard embedding. If neither vv* nor v*v are in interpolated free 
group factors, then they are both in matrix algebras, then these are embedded in 
another matrix algebra. 

Thus applying Proposition 13.61 to this sequence of inclusions we see then that any 
interpolated free group factor summand in Ai{ik-i, jk-i, k), is embedded in another 
in J^{ik,jk, k) by a substandard embedding, and so this inclusion is substandard. 

Next we examine the inclusions of the form Af{ik, jk, k) Ai{ik, jk, k). This is 
similar to the proof of Theorem 12.61 (from |1]), since ik and jk do not change, and 
thus we have a fixed pair of multimatrix algebras Aj^, and Bj^^. 
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Pi Pi 

Let QkAi^Qk = 0£p7, and quBj^qu = Mn,. Now for each i G I a,, U 

/b^.^, if Pi is not orthogonal to either q^-i or p^, then choose a f £ G which is a 
partial isometry so that vev^ < pk and v^Vi < Qk-i, and each is minimal in Ai^, of Bj^,. 
Let be the set of these vg. Then note that M{ik,jk, k) UV generates Ai{ik,jk, k). 
Let Af{ik,Jk, k, V) = vN{Af{ik,3k, k) U V) for V C F. We show that for i; G and 
y ^ the inclusion J\f{ik,jk, k, V) — > Af{ik,jk, k, V U {v}) is substandard. 

Let q = vv* + v*v, and examine qM{ik,jk, k, V')q, and the algebra M2 generated 
by f . As in the proofs of Theorem 12.61 and Theorem 12.91 we see that 

qJ^iikJk, k, V')q M2 = qM{ik,jk, k, V U {v})q. 

c e c 

If either of vv* or v*v are minimal and central in qAf{ik, jk, k,V')q, (without loss 
of generality assume vv*), then vv* is a minimal projection in a matrix algebra 
summand M„ in Af{ik, jk, k,V'). Any matrix algebra summand M^' under v*v in 
qMiik^ik, k, V')q must be part of a matrix algebra summand in M{ik,jk, k, V). 
Then the inclusion of in M{ik-,jk-, k, V U {f }) maps it to the corner of a matrix 
summand Mm+nm'- Any interpolated free group factor under v*v, is included into 
a dilation of itself, which is a substandard embedding. Finally if there is a diffuse 
hyperfinite algebra under v*v then it is included in a diffuse hyperfinite algebra. 

If neither vv* nor v*v is minimal and central, then we can apply Lemma [2.51 This 
shows us that the inclusion of qNiik^jk, k, V')q into qAf{ik,jk, k, V U {v})q is sub- 
standard, and thus so is the inclusion of Af{ik, jk, k,V') into Af{ik, jk, k,V' U {v}). 
Thus, applying Proposition 13. 6^ so is the inclusion M{ik,jk, k) — ?■ J^{ik,jk, k). 

In the final case, M.{ik,jk, A; — 1) — > N{ik,jk, k) is immediate. 
Thus the inclusions in the chain, 

M{l2,j2,l) ^ ^f{^2, 32,2) ^ M{Z2, 32,2) ^ M{l3,j3,'2) ^ Af{l3,j3,3) ^ 

are all substandard. At all stages this is the direct sum of a finite number of inter- 
polated free group factors and a hyperfinite algebra. Thus, applying Proposition 13.61 
once more, the inductive limit is a countable direct sum of factors of the form J-"* and 
a hyperfinite algebra, and thus in TZ^. If A and B were finite, then clearly A*£) B is 
finite, and thus in 7I3. 

If all the regulated dimensions are defined, as well as the sum then it is clear 
that rdim(74 *£> B) = limk^oo T^dim{J^ {i k, jk, k)). Choose k & and denote Ai^ = 

®eei.Mn,. Then 

tt 

Tdim{qkAi^qk) = - ^ t'j 
e&iAyPiqkT^o 
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and 

rdim(AJ = -J2tl 

For every ^ G //) so that piq^. = 0, there is a minimal projection p'^ G less than 
some with k' > k. This tells us that 

^&lD,Peqk=0 k'>k 

Thus 



|rdim(gfc^jfegfc) -rdim(AiJ| < 



k'>k 



rdim((l-gfe)Z}(l-gfe))|. 



Thus if rdim(Z}) 7^ —00 then limfc_j.oo rdim(g/(.Ajj.gfc) = rdim(A). The same calculation 
works for Bj^ . Then note by Theorem 12.91 

rdim(A^(ifc, jfc, A:)) = rdim(gfcAi^gfc) + rdim(gfc5j^gfc) - rdim(gfcL'gfc)- 
Then if rdim(Z}) ^ —00 then 

lim rdim(A^(2/c, j/c, A;)) = lim rdim(Aij.) + lim rdim(5jj,) — rdim(D) 

A;— >oo fc— >oo fc— >oo 

= rdim(A) + rdim(i?) — rdim(D). 

If rdim(D) = —00 then we see that if rdim(y4) and rdim(i?) are not —00, so idAm.{qkAi^qk) + 
id\m{qkBj^qk) is bounded below, while — rdim(gfcDgfc) goes to 00, the equation again 
holds. 



□ 



Example 3.13. Let: 



00 p 



i=l i 



CO A ^ 

^ ' ^ 2z - 1 2i 



=1 

00 „B 



B = R®^R, T{pf ) = - + T{p^) = 1. 

i=l 

Here we set + P2i = pf P^i + PEi+i — Pf ^ with p^ = pf ■ We can see that 

2 

r = rdim(A) + rdim(i?) — rdim(D) = From there it is not hard to check that 
A*£, B = . This shows that even if all our factor summands are finite, the result 

"6" 

may have a non-finite factor summand. 
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Example 3.14. Let 

oo 

i=l 
oo 

A = B = ff)C. 

1/2 
i=l ' 

Then computing we see 

rdim(y4) + rdim(i?) — rdim(D) = — oo — oo + oo, 

which is not defined. Computing the product we see that A*£)B = 0^]^ L(Z) ® M2. 
In this case rdim(y4 *d B) = 0, however it would be easy to add a summand so that 
we could get any value from this. 

4. Closedness of 7^3 and TZ^ 
The following lemma was proved as Theorem 3.1 in [Ij. 

Pi 

Lemma 4.1. Let R and R' be hyperfinite IIi factors. Let D = (BieiC (I countable) 

be a common subalgebra of R and R' . Then R *d R' = -^^(-Fi+j^.g^ja), and this is 
generated by R' U {piXiPi}i^j. 

Proof. The fact that R*d R' is the interpolated free group factor mentioned follows 
from Theorem 13. 12^ so here we need only check that it is generated correctly. 

First assume that I is finite, and proceed by induction on the size of /. In the case 
|/| = 1, this has been established in Corollary 3.6 in [3]. Let io be such that ti^ is 
minimal. Using Theorem 2.1 (b) from [5], we define 

M = vN ((1 - p,,)R{l - U (1 - p,,)R'{l - Pi,)) 

= (1 - Pr,)R{l - Pio) *(l-p,o)D (1 - Pio)^'(l - Pio)- 

Then by our induction hypothesis, Afi = L{F t2 ), generated by (1 — 

Pio)R'{l - Pio) U {piXiPi}i^i\{io} 

Then using part (c) of Theorem 2.1 in [5], we see that r = Pi,, thus A = {1 — 
Pig)R{l — Pio) © Cpio, and thus pioApio = C. From this we see directly that for A/2 = 
viV(iui?'),M = (l-p.JAr2(l-piJ. Thus we write J\f2 = vN{R'U{piXiPi}i^i^i^io). 

Using part (d) of Theorem 2.1 in [5j, we see that since Pio{R*D R')Pio = Pio-^^Pio * 
L(Z), and that i? i?' is generated by R' U {piXiPi}i(zi, and thus we are done. 

For the infinite case, let K = N, ordered so that ti < tj_i, and let qk = Yl^=iPi'- 
Let A4k = QkR^k *qkD QkR'Qk- The above tells us that each A^^ is generated by 
QkR'qk U {PiXiPi}^^-^ and that the embeddings of A^^ — )■ A/f^+i are substandard, thus 
the generating set in the inductive limit A4 is as desired, completing the proof. 

□ 
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Corollary 4.2. Let A and B each be copies of the hyperfinite IIoo factor, with sub- 

OO Pi 

algebra D = C and trace preserving conditional expectation onto D so the trace is 
1=1 *i 

semifinite on D. Then A*£, B = J^'^rdim{D) > ^'^^ ^^'^^ '^^ generated by AU {piXiPi}'^-^ 

Proof Let = Yli=iPi- Then by Lemma O any qkAqk *q^Dqk QkBqk is generated by 
QkAqk U {piXiPi}^^^, thus the inductive limit is generated by the desired set. □ 

Lemma 4.3. Let A = J^*^ and B = each with subalgebra D = C. Then 

^ keK *fe 

Ai = A *£) B = J^l^^sg^rdim{D)> '^^'^ inclusion of A ^ Ai is substandard. 

Proof. Let p be a minimal projection in D, and choose representations of A and B of 
the form A = vN{R U {piXiPi}i^j) and B = vN{R' U {qjXjqj}j^j), where Pi < p and 
qj < P for all i ^ I,j & J, and R and R' are either the hyperfinite lli factor or the 
hyperfinite lloo factor. Then A*oB is generated by RUR'U{piXiPi}i(ziU{qjXjqj}j(zj. 
From Theorem 14.11 we know that R*£) R' = ^ifdim(D)' "with R embedded correctly 
and so R*r) R' is generated by i? U {pfXkpf}keK- We can then find q'j G R which 
are unitary conjugates of qj using unitaries in R *d R', thus Ai is generated by 
R U {pj^Xkpj^}keK U {Pi^iPi}iei U {qjXjqj}j^j. Thus Ai is the desired factor, and 
the inclusion of A is substandard. □ 

Lemma 4.4. Let H be a hyperfinite von Neumann algebra and A = Tl, with com- 
mon abelian type I atomic subalgebra D, then A*d H = J^l^rdim{H)-rdim{D)' ^'^^ 
inclusion of J^l into it is substandard. 

Proof. Using Lemma 13.91 we can find a chain of multimatrix algebras Hi approxi- 
mating H so that D O Hi for all i, and that so that for each i there exists a finite 
projection qi ^ D so that {l — qi)Hi{l — qi) = {l — qi)D. Applying Lemma [3.11l we can 
assume that this is generated by a sequence of simple steps. Then by Lemma 5.9 of 
since qiAqi is an interpolated free group factor, qiHiqi *q^DqiAqi is an interpolated 
free group factor (with regulated dimension as expected), and the inclusion of qiAqi 
is standard. Then apply Lemma [23] to see this implies Hi^r, A is ^s+Tdim(Hi)-Tdiia(D)^ 
and the inclusion of A into it is substandard. 

Using Lemma 12. 8[ and Lemma 12.71 we see that the embedding oi Hi *£> A — 
Hi^i *£) Ais substandard, which completes the proof. 

□ 

Lemma 4.5. Let A e 7^4 and B = Fl. Let D be an abelian type I atomic subalgebra 
of both A and B. Then Ai = A*oBisa semifinite interpolated free group factor, 
and if rdim{A) is defined and greater than —oo, then rdim{Ai) = J^l^rdim{A)-rdim{D)- 
Furthermore the inclusion B ^ M. is substandard and that of Fi JH is substandard 
for any summand, Fi = of A. 
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Proof. Let A = H (B ^ J^l' for i^' G N U {00} and where if is a hyperfinite algebra. 

1=1 

K k K 

Let Aq = H®@piD and let = if © 7"*^ © p,D. Let Mk = Ak^oB. 

i=l i=l i=k+l 

Our goal is to show that Aik = '^rdim(Afc)+s-rdim(D) ^' ^^^^ inclusion 

of A^A: — ^ is substandard. 

First Lemma lOl shows that A^o = '^rdim(Ao)+s-rdim(D)' ^^"^ inclusion of i? — )■ 
A^o is standard. 

Lemma [23] tells us that pk-MkPk = Pk-Mk-iPk *pkD J^ll and that A^^ is a factor. 
Thus the embedding of J-"*^' Pk-MkPk is substandard. By Lemma 14^31 Pk-MkPk = 
J-'*,'"' for some s' and the inclusion of pkM.k-iPk into it is substandard, and thus 
Mk = •^rdim{Afe)+s-rdim(D) ^he iuclusiou Mk-1 Mk is Substandard. 

Thus the inductive limit of the Alfc, A*d B = -^rdim(A)+s-rdim(D)' inclusion of 
B into it is standard, and the inclusions of J-"!' — t- A1 are substandard. □ 

Theorem 4.6. For A, i? G 7^4 (^or TZ^) and D an atomic type I subalgebra of them, 
A *D B ^ IZi (or 7I3), and rdim{A *d B) = rdim{A) + rdim{B) — rdim{D) if this 
equation is well defined. 

Proof. As usual we use Lemma 13.81 to assume without loss of generality that D is 

Ka Pi Kb 

abelian. Let A = Ha © 0^s- where i^^ e N U {00} similarly let 5 = if^ © 

i=i " j=i ^ 

k ^ Ka 

Then define Ak = Ha © J^si © PiD and define Bk similarly. 

1=1 i=k+l 

Let Al(z, j) = Ai *£) Bj, then the inductive limit of the Al(z, j) is A *£, B. We 
claim that each Ai{i,j) is in TZ^, and that the embedding of Al(z, j) into Al(i + 1, j) 
is substandard. We proceed by induction on i,j. 

Theorem tells us that Al (0, 0) is in 7^4, and that rdim(Al (0, 0)) = rdim(v4o) + 
rdim(i?o) — Tdim{D). By Lemma [231 Pi-M{i,j)pi = vN{piM{i — l,j)pi U J"**) = 
PiM.{i — l,j)pi *p,D^s^ Lemma His] tells us that this is of the form J^* for some s and 
t and that the inclusion of any J^*, factor summand in pjAl — j)pi PiM. (i, i)pi is 
substandard. This also tells us that the inclusion of J-"** — )■ piAi{i, j)pi is substandard. 

Since the central support of pi in Al(z — 1, j) and Ai{i,j) is the same (again by 
Lemma 12. 4p . any factor summand of Al(i — 1, j) which is orthogonal to pi is 
identical in Al(z, j). Thus the inclusion of Ai{i — 1, j) — Al(z, j) is substandard, as 
is the inclusion of J-"*' — )■ Al(2 — 1, j). 

Next note that rdim(gAl(i, j)g) = Tdim{piAi{i, j)pi) by Lemma [STTl Note 

rdim(pjAl(i, = rdim(pjAl(i — l,j)pi) + fdim(J^*^') — rdim(pjF'). 
Since q is the central support of Pi in both Al(i, j) and M.{i — we know 
rdim(pjA1(i — l,j)pi) = rdim(gA4(2 — l,j)q). 
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Thus we see 

Tdim{qAi{i, j)q) = rdim(gA^(i — l,j)q) + rdim(J^*^') — rdim(pjD). 
And since (1 — g)A^(i, j)(l — g) = (1 — g)A^(i — 1, j)(l — q), we see 

rdim(A^(z, j)) = rdim(A^(z — 1, j)) + rdim(J-'*^') — rdim(pjD). 
Note fdim{piAiPi) = rdim(J^*j), and rdim(pjy4j_ipj) = rdim(pjD). Thus 

rdim(ylj) — rdim(y4j_i) = rdim(J-'*^') — rdim(pjD). 
Combining these we get: 

rdim(A^(i, j)) 

= rdim(y4j_i) + rdim(i?j) — rdim(D) + rdim(J-'*^') — rdim(pjD) 

= rdim(74j) + rdim(i?j) — rdim(D). 

Thus our claim is proved, and the result follows. Note that since if A and B are 
finite, their amalgamated free product is, and thus if they were both in TZ^ then so 
will their amalgamated free product. □ 

Example 4.7. Let A = 0^]^ J^2» ' where r^pi) = i and let B = and choose 
any multimatrix subalgebra D of these. Checking, we see rdim(74) = ^Y^=\ ^ ~ 
By Lemma 14.51 we know A S is an interpolated free group factor, and applying 
the free dimension formula we see that it must be T]^. 

This shows that unlike in the case of T^i and 7^2? restricting the interpolated free 
group factor summands in A and B to having only finite free dimension does not 
guarantee this for the product. We could restrict 7^3 to those with finite regulated 
dimension (or equivalently free dimension) and it would be still closed under these 
amalgamated free products. Similarly we could restrict 7^4 to those with finite defined 
regulated dimension, which would then be closed over amalgamated free products of 
type I atomic algebras with finite defined regulated dimension. 
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